
4 ProNE:

4 ProNE:

, ProNE

ProNE 4.1

Cheeger

localized smoothing

information global clustering information
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4 ProNE:

4.1.1

(context)

-

- D = E vi

vj

p̂i, j = σ(rTi cj ) (4-1)

σ(x) = 1/(1 + e−x) sigmoid ri, ci ∈ Rd vi

l = −
∑

(i, j)∈D
pi, j ln p̂i, j (4-2)

pi j = Ai j/Dii (vi, vj ) - D
(ri=cj & p̂i, j=1), ( ) (vi, vj ) ,

vj PD, j ,

l = −
∑

(i, j)∈D
[pi, j lnσ(rTi cj ) + λPD, j lnσ(−rTi cj )] (4-3)

λ - vj

PD, j :

PD, j ∝
∑

i:(i, j)∈D
pi, j (4-4)

5-21 rTi cj

0

rTi cj = ln pi, j − ln(λPD, j ), (vi, vj ) ∈ D (4-5)
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4 ProNE:

rTi cj vi vj

M M rTi cj ,

Mi, j =

⎧⎪⎪⎨
⎪⎪
⎩

ln pi, j − ln(λPD, j ) , (vi, vj ) ∈ D
0 , (vi, vj ) � D

(4-6)

tSVD M

d M≈UdΣdVT
d Σd d

Ud ∈ Rn×d Vd ∈ Rn×d

Rd ← UdΣ
1/2
d

(4-7)

Rd Σd

M≈UdΣdVT
d

4.1.2 Randomized tSVD

,

/ tSVD

randomized tSVD random matrix

theory [49] , randomized tSVD tSVD

[50]

randomized tSVD

Q ∈ R |V |×d, M≈QQT M

Q , H=QT M , H ∈ Rd×|V | M ,

SVD( Rd×d

SVD) H SVD H=SdΣdVT
d Sd ∈ R |V |×d

Vd ∈ R |V |×d Σd ∈ Rd×d

13



4 ProNE:

M

M ≈ QQT M = QH = Q(SdΣdVT
d ) = (QSd)ΣdVT

d (4-8)

Ud = QSd 4-7 Rd:

Rd ← UdΣ
1/2
d
= QSdΣ

1/2
d

(4-9)

Q

Ω ∈ R |V |×d Ωi j ∼ N (0, 1
d

) Y=MΩ Y QR (

Householder reflections) Y=QR, Q

M

SVD

[39]

skip-gram [6]

[6]

O( |V |3)

O(|E |) ( Eq. 5-13)

4.2

DeepWalk LINE

Cheeger

4.4
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4 ProNE:

4.2.1

Cheeger [51,52] (Laplacian)

suggests that eigen-

values in graph spectral are closely associated with a network’ spatial locality smoothing

and global clustering.

, L = D − A

L=En−D−1 A, En n

L=UΛUT

Λ=diag([λ1, ..., λn]) 0=λ1 ≤ · · · ≤ λn
U ∈ Rn×n , ith

ui x x̂ = UT x

x = U x̂ x D−1 Ax

x

Cheeger Cheeger constant (graph conduc-

tance)

S ⊆ V , Cheeger

φ(S) =
|E(S) |

min{vol (S), vol (V − S)} (4-10)

E(S) S vol (S) S

Cheeger φ(S)

Cheeger k

Cheeger k-way Cheeger constant

ρG (k) = min{max{φ(Si) : S1, S2, ..., Sk ⊆ V dis joint}} (4-11)

k Cheeger k k Cheeger

k k ( )

k ρG (k)

k

15



4 ProNE:

k Cheeger ρG (k)

λk
2
≤ ρG (k) ≤ O(k2)

√
λk (4-12)

Cheeger Cheeger k

k ρG (k)

0

[53] Cheeger

λk = 0 ρG (k) = 0 ρG (k)

k

Cheeger 4-12

Rd ← D−1 A(En − L̃)Rd (4-13)

4-13 D−1 A

L̃ = Ug(Λ)UT g

En − L̃ D−1 A

D−1 A D−1 A(En − L̃)

g(λ) =

e−
1
2
[(λ−μ)2−1]θ μ ∈ [0, 2]

L̃ = Udiag([g(λ1), ..., g(λn)])UT (4-14)
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4 ProNE:

L̃ = Udiag([e−
1
2
[(λ1−μ)2−1]θ, ..., e−

1
2
[(λn−μ)2−1]θ])UT (4-15)

g(λ) [54,55]

Cheeger ρG (k)

4.2.2

g(λ) =

e−λθ

μ

4.2.3 Chebyshev

Chebyshev 4-15

Chebyshev Chebyshev

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪
⎩

Ti+1(x) = 2xTi (x) − Ti−1(x)

T0(x) = 1

T1(x) = x

(4-16)

Chebyshev

L̃ ≈ U
k−1∑
i=0

ci (θ)Ti (Λ̄)UT =

k−1∑
i=0

ci (θ)Ti (L̄) (4-17)
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4 ProNE:

Λ̄ = − 1
2
[(Λ−μEn)2−En], L̄ = − 1

2
[(L−μEn)2−En]. λ̄ =

1
2
[(λ−μ)2−1] ∈ [−1, 1],

f (λ̄) = g(λ) = e−λ̄θ .

ChebyShev Ti [−1, 1]

1/
√

1 − x2,

∫ 1

−1

Ti (x)Tj (x)√
1 − x2

dx =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪
⎩

0 , i � j

π , i = j = 0

π

2
, i = j � 0

(4-18)

e−xθ Chebyshev

ci (θ) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪
⎩

1

π

∫ 1

−1

Ti (x)e−xθ√
1 − x2

dx = (−)i Ii (θ) , i = 0

2

π

∫ 1

−1

Ti (x)e−xθ√
1 − x2

dx = 2(−)i Ii (θ) , i � 0

(4-19)

Ii (θ) [56] i Ii (θ)

i θ Ii (θ) Python

Scipy Chebyshev

L̃ ≈ I0(θ)T0(L̄) + 2

k−1∑
i=1

(−)i Ii (θ)Ti (L̄) (4-20)

Chebyshev Taylor

[57] k = 10

e−xθ

4-20 4-13

Rd ← D−1 A(En − L̃)Rd (4-21)

= D−1 A{En − [I0(θ)T0(L̄) + 2

k−1∑
i=1

(−)i Ii (θ)Ti (L̄)]}Rd

4-21 Chebyshev 4-16
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4 ProNE:

Algorithm 1 ProNE

: G = (V, E), d, μ, θ

: Rd

1: (5-13) M

2: Ω, Y = MΩ

3: Y QR , QR = Y Q

4: H = QT M SVD SdΣdVT
d ← SVD(H , d)

5: Rd ← QSdΣ
1/2
d

6: (4-21) Chebyshev (4-22) Rd

7: SVD Rd

8: Rd

R̄(i)
d
= Ti (L̄)Rd,

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪
⎩

R̄(i)
d
= 2L̄ R̄(i−1)

d
− R̄(i−2)

d

R̄(0)
d
= Rd

R̄(1)
d
= L̄Rd

(4-22)

L̄ = −1
2
[(L − μIn)2 − In] L

O(k |E |)
Rd SVD Rd

Rd Rd

SVD

Schmidt orthogonalization

4.3

1

H SVD Y QR

O( |V |d2) |D| 
 |V | × |V |, M

O(|E |)
O(|V |d2 + |E |)

19



4 ProNE:

SVD ,

O(|V |d2 + k |E |)
ProNE O(|V |d2 + k |E |),

ProNE

O(|V |d + |E |)

4.4

ProNE randomized SVD

ProNE

( R |V |×d Rd×d) SVD,

Python

SVD

[58,59]

p

log(p)× (p )[60]

4.5

[2,7,8] ProNE

[7] .

4.5.1

5

4.1

• BlogCatalog[61] BlogCatalog

• Wiki[62]

• PPI[63]
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4 ProNE:

• DBLP[64]

• Youtube[61] Youtube

4.5.2

ProNE skip-

gram (DeepWalk[2], LINE[7] node2vec[8])

(GraRep[4] and HOPE[5])

• DeepWalk skip-gram

DeepWalk

skip-gram

DeepWalk

• LINE LINE

1 DeepWalk DeepWalk, LINE

C++

• node2vec DeepWalk DeepWalk

node2vec

node2vec

node2vec DeepWalk

• GraRep

skip-gram GraRep

• HOPE Katz

SVD

21



4 ProNE:

Dataset BlogCatalog Wiki PPI DBLP Youtube
#nodes 10,312 4,777 3,890 51,264 1,138,499

#edges 333,983 184,812 76,584 127,968 2,990,443

#labels 39 40 50 60 47

4.1

4.5.3

d = 128

DeepWalk

node2vec m=10, r=80,

t=40 node2vec p, q {0.25, 0.50, 1, 2, 4}

LINE, k = 5 T=r×t×|V | GraRep,

( DeepWalk node2vec ) m = 5

d=128 HOPE, β

(0, 1)

ProNE, Chebyshev k 10, μ=0.1,

θ=0.5

4.5.4

Red Hat Linux CPU Intel Xeon(R)

CPU E5-4650 (2.70GHz) 1T ProNE Python 3.6.1

4.5.5

[2,4,7,8]

LR

10
Micro-F1 Macro-F1

Micro-F1

LINE[7]

22



4 ProNE:

Dataset DeepWalk LINE node2vec ProNE
PPI 272 70 828 3
Wiki 494 87 939 6

BlogCatalog 1,231 185 3,533 21
DBLP 3,825 1,204 4,749 24

Youtube 68,272 5,890 >5days 627

4.2 ( )

4.2 ProNE ProNE

(SMF) 10,

1, 000 100, 000, 000

4.5.6

4.5.6.1

ProNE

20 /
ProNE
4.2 ProNE 3 —DeepWalk,

LINE node2vec ( IO )

GrapRep O(|V |3),

Youtube

PPI Wiki (1,000

23



4 ProNE:

Dataset training ratio 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

P
P
I

DeepWalk 16.4 18.5 19.4 20.3 21.1 21.8 22.3 22.6 22.7

LINE 16.3 18.9 20.1 21.0 21.5 22.1 22.7 22.9 23.1

node2vec 16.2 18.4 19.7 20.4 21.6 22.2 23.1 23.1 24.1

GraRep 15.4 17.6 18.9 19.9 20.2 20.5 20.4 20.7 20.9

HOPE 16.4 18.6 19.8 20.6 21.0 21.5 21.7 22.2 22.5

ProNE (SMF) 15.8 18.7 20.6 21.7 22.7 23.5 23.7 23.9 24.2

ProNE 18.2 21.2 22.7 23.7 24.6 24.9 25.4 25.8 25.9
(±σ) (±0.5) (±0.4) (±0.3) (±0.6) (±0.7) (±0.9) (±1.0) (±1.0) (±1.1)

W
ik

i

DeepWalk 40.4 43.1 45.9 47.7 48.5 48.7 49.1 49.2 49.4

LINE 47.8 49.6 50.4 51.0 51.2 51.6 51.6 51.7 52.4

node2vec 45.6 46.3 47.0 47.2 48.2 48.7 49.6 49.8 50.0

GraRep 47.2 48.8 49.7 50.4 50.6 50.7 50.9 51.0 51.8

HOPE 38.5 39.5 39.8 40.2 40.1 40.2 40.1 39.8 40.1

ProNE (SMF) 47.6 50.4 51.6 52.4 53.2 53.3 53.5 53.6 53.9

ProNE 47.3 51.3 53.1 53.8 54.7 55.0 55.2 55.7 57.2
(±σ) (±0.7) (±0.5) (±0.4) (±0.4) (±0.8) (±0.4) (±0.8) (±1.2) (±1.3)

B
lo

g
C

at
al

o
g

DeepWalk 36.2 38.4 39.6 40.5 40.9 41.1 41.4 41.7 42.2

LINE 28.2 29.9 30.6 31.0 33.2 34.5 35.5 36.0 36.8

node2vec 36.3 38.5 39.7 40.8 41.1 41.7 42.0 42.2 42.1

GraRep 34.0 32.0 32.5 33.0 33.3 33.6 33.7 33.8 34.1

HOPE 30.7 32.6 33.4 33.9 34.3 34.6 35.0 35.3 35.3

ProNE (SMF) 34.6 36.6 37.6 38.2 38.6 39.0 39.3 39.7 39.0

ProNE 36.2 38.8 40.0 40.7 41.2 41.8 42.1 42.6 42.7
(±σ) (±0.5) (±0.4) (±0.3) (±0.4) (±0.6) (±0.7) (±0.7) (±0.9) (±1.2)

Dataset training ratio 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

D
B

L
P

DeepWalk 49.3 53.2 55.0 56.2 57.1 57.5 57.9 58.2 58.4

LINE 48.7 51.4 52.6 53.2 53.5 53.8 54.1 54.4 54.5

node2vec 48.9 53.2 55.1 56.3 57.0 57.6 58.0 58.2 58.4

GraRep 50.5 52.1 52.6 52.9 53.2 53.4 53.5 53.7 53.8

HOPE 52.2 54.2 55.0 55.5 55.9 56.1 56.3 56.5 56.6

ProNE (SMF) 50.8 53.8 54.9 55.7 56.1 56.5 56.7 56.9 57.0

ProNE 48.8 54.2 56.2 57.3 58.0 58.4 58.8 59.0 59.2
(±σ) (±1.0) (±0.6) (±0.5) (±0.4) (±0.2) (±0.2) (±0.2) (±0.2) (±0.1)

Y
o
u
tu

b
e

DeepWalk 38.0 39.3 40.1 40.8 41.3 41.7 42.1 42.5 42.8

LINE 33.2 34.7 35.5 36.2 37.0 37.6 38.2 38.8 39.3

ProNE (SMF) 36.5 39.1 40.2 40.8 41.2 41.4 41.7 41.9 42.1

ProNE 38.2 40.6 41.4 41.3 42.3 42.7 42.9 43.2 43.3
(±σ) (±0.8) (±0.5) (±0.3) (±0.2) (±0.2) (±0.1) (±0.2) (±0.2) (±0.2)

4.3 Micro-F1 (%).

) ProNE 10 LINE

14 DeepWalk node2vec 100

BlogCatalog DBLP (10,000 )

Youtube (1,000,000 ) ,
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4 ProNE:

4.3 ProNE ProNE

(SMF) 10000,

100 1, 000

ProNE 1 CPU 11 Youtube

20 LINE

100 DeepWalk 19 node2vec

ProNE 20 LINE, DeepWalk node2vec
10–400

4.5.6.2

4.2 4.3

10 10

1, 000 100, 000, 000 4.2 ProNE

ProNE

5

29 ProNE 1 5

LINE, 20
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4 ProNE:

(a) ProDeepWalk (b) ProLINE

(c) ProNode2vec (d) ProGraRep

(e) ProHOPE (f) ProNE

4.4 Wiki —ProDeepWalk, ProLINE, ProNode2vec, Pro-

Grarep, ProHOPE ProNE

Deepwalk node2vec

4.3 ProNE 10, 000 100 1, 000

ProNE

ProNE
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4 ProNE:

4.5.7

4.5.7.1

4.3

Micro-F1

(σ) Macro-F1

ProNE, (sparse

matrix factorization, SMF) ,

Youtube node2vec 5

GraRep 1T

ProNE 5 ,

(ProNE(SMF))

, ProNE (local structure smoothing)

(global clustering information)

4.5.7.2

ProNE 1)

2)

DeepWalk, LINE, node2vec, GraRep HOPE ProNE

4.4 Wiki

( “ProBaseline’) Pro 5

+10% , HOPE +25%

Wiki 1

ProNE

4.6

ProNE

ProNE
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4 ProNE:

Cheeger

ProNE DeepWalk,

LINE, node2vec, GraRep HOPE

ProNE 20 10—400

4.4

ProNE

ProNE
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